Abstract. We describe a compactification of the moduli space S n,k of the Steiner bundles by adding an irreducible hypersurface and we show that such compactification is smooth if (n, k) = 1. In particular, for any odd n, we get a smooth compactification of the moduli space of the rational normal curves in P n and we describe a filtration of such space.
Introduction
Let us consider all the exact sequences:
where A * is a k × (n + k) injective matrix whose entries are polynomials of degree 1 and F A = Coker A * . The aim of this paper is to study the moduli space M n,k of such sheaves by the use of the geometric invariant theory. In fact we will consider the categorical quotient M n,k = P(Hom(W, V ⊗ I))//(SL(I) × SL(W )) where W , V and I are complex vector spaces of dimension n + k, n + 1 and k respectively.
Every element A of such quotient determines a coherent sheaf F A on P n = P(V ): in fact every A : W → V ⊗ I induces a morphism A * : I ⊗ O P n → W ⊗ O P n (1) as in (1) . In particular, if the degeneracy locus of A is empty, then F A is a vector bundle, called Steiner bundle: thus M n,k is a compactification of the moduli space S n,k of such bundles (see also [1] for a description of S n,k ).
Important expamples of Steiner bundles are the Schwarzenberger bundles [11] : the set of equivalence classes of these bundles is in one-one correspendence with the open subscheme of the Hilbert scheme parametrizing rational normal curves in P n and thus it is isomorphic to P GL(n + 1)/ SL (2) . In particular S n,2 is uniquely composed by Schwarzenberger bundles [2] .
In the first part of the paper we describe the (semi-)stable points of P(Hom(W, V ⊗ I)) under the action of SL(I) × SL(W ) (see [8] for an introduction to the geometric invariant theory) and we prove the following result: Theorem 1.1. The geometric quotient of the stable points of P(Hom(W, V ⊗I)) by the action of SL(I) × SL(W ) is a smooth open subset of M n,k .
In particular we prove that if n and k are positive integer such that (n, k) = 1, there are no properly semi-stable points and thus, in this case, M n,k is a smooth compactification of S n,k .
In the second part of the paper, we investigate some properties of S n,2 , the moduli space of the Schwarzenberger bundles. For what we have seen, M n,2 is a compactificaton of the set of the rational normal curves in P n and in particular, if n is odd, then such compactification is smooth. We define a filtraton of M n,2 and we show that the compactification is obtained by adding an irreducible hypersurface.
Throughtout the paper we will use the following notations:
• V , W , I are complex vector spaces of dimension n + 1, n + k and k respectively.
• G(k, n) is the projective Grassmannian of the k-subspaces of P n = P(V ).
is the open subset of the stable (resp. semi-stable) points of X with respect to the action of G.
• M n,k is the GIT quotient X ss //G.
s (see also [1] ).
• S n,k = S/GM n,k is the moduli space of the Steiner bundles on P n = P(V ).
we define i s (A) = min{j = 0, . . . , n + k − 1|a s,j = 0} (we will often write i s instead of i s (A)).
• j(n) = [ I am grateful to V.Ancona and G.Ottaviani for many useful discussions.
2. The categorical quotient of P(Hom(W, V ⊗ I)) by SL(I) × SL(W )
We are interested in the study of the action of G = SL(I) × SL(W ) on the projective space X = P(Hom(W, V ⊗ I)). In fact, as shown in the introduction, each A ∈ X ss , such that
is injective, correspends to a coherent sheaf F A , contained in the exact sequence (1) .
Furthermore F A ≃ F B if and only if P A = BQ for some P ∈ SL(I) and Q ∈ SL(W ) (see for istance [1] or [9] ).
In this section we describe the stable and semi-stable points of X by the action of G. 
Proof. Let us suppose that A is not stable: then by the Hilbert-Mumford criterion, there exists a 1-dimensional parameter subgroup λ : C * → G such that lim t→0 λ(t)A exists in X.
Let γ = (a 0 . . . a n+k−1 ) and β = (b 0 , . . . , b k−1 ) the weights of λ where
for any s, we can invert the raws of A without loss of generality. Furthermore, let's suppose i k−1 = 0. Since a s,is(A) = 0 (by the definition of i s (A)), it must be:
Thus:
Since c i ≥ 0 for each i = 0, . . . , k − 2 and at least one of the c i 's is different from 0 (otherwise b 0 = · · · = b k−1 = 0) and by the inequality (4), there must be a s ∈ {0, . .
Viceversa, let us suppose that (2) holds.
≥ 0 for any s; thus it is sufficient to consider the 1-dimensional parameter subgroup λ defined by the weights γ = (−2(n + k − 1), 2, . . . , 2) ≥ Z n+k and β = (−1, . . . , −1, k − 1) ∈ Z k : thus lim t→0 λ(t)A exists and in conclusion A cannot be stable. On the other hand, if i k−1 (A) = 0 then there exists a s ∈ {0, . .
thus the inequality (4) have a solution (c 0 , . . . , c k−2 ) such that: each c i is not negative, one of these is positive and furthermore the system:
with integer entries (for istance we can consider c s = k e c i = 0 for any i = s).
Thus, let us define:
Then a i = 0 and a 0 ≤ a 1 ≤ · · · ≤ a n+k−1 . Hence, if λ is the 1-dimensional parameter subgroup defined by the weights (a 0 , . . . , a n+k−1 ) and β, then lim t→0 λ(t)A exists and also in this case A cannot be stable.
Theorem 2.2. A ∈ X is not semi-stable under the action of G if and only if with the respect to opportune basis of W and I, it results
Proof. Let us suppose that A is not semi-stable: then by the Hilbert-Mumford criterion, there exists a 1-dimensional parameter subgroup λ : C * → G such that lim t→0 λ(t)A = 0. As before, let us suppose that a 0 ≤ a 1 ≤ · · · ≤ a n+k−1 and
Thus, in this case we have
Hence:
As before, if we define c i = b i+1 − b i , we get:
The viceversa is very similar to the second part of the proof of the previous theorem. Proof. If there exists A ∈ X properly semi-stable, then there exists s ∈ {0, . . . , k − 2} such that
It is easy to see that A * is injective if and only if i 0 (A) = n + k with respect to every basis of W and I. Thus for any A ∈ X ss , the coherent sheaf F A is well defined. Moreover A : W → V ⊗ I is injective if and only if i k−1 (A) = 0 for any basis of W and I. Since every A ∈ X ss satisfy this condition,Ã = A(W ) is a linear subspace of V ⊗ I of dimension n + k, i.e.Ã ∈ G(n + k − 1, P(V ⊗ I)).
The isomorphism class of F A only depends onÃ, thus M n,k = X ss //G is isomorphic to G(n + k − 1, P(V ⊗ I))// SL(I) (see [9] for more details).
Remark. By this isomorphism, theorems 2.1 and 2.2 are a direct consequence of [10] (prop.
In particular this yields, for any n even, a smooth compactification of the moduli space of the rational normal curves in P n . We first define the stabilizer of a matrix A ∈ X under the action of G as:
Stab G (A) = {(P, Q) ∈ G|P A = kAQ for some k ∈ C * } The following lemma describe the stabilizer of stable points of X.
Lemma 3.1. Let A ∈ X s be a stable point of X. Then
Hence all the stable point have a discrete stabilizer.
Let now (P, Q) ∈ Stab G (A), then there exists k ∈ C * such that P A = kAQ. Thus, if α ∈ C we get:
For any α such that det(P + α Id) = 0 and det(kQ + α Id) = 0, (7) let's define t 1 (α) and t 2 (α) such that t 1 (α) n+k = det(P + α Id) and t 2 (α) k = det(kQ + α Id). Then, by (6), we have that
Let's suppose now that P = λ Id n+k for any value λ ∈ C * . Then if α, α ′ ∈ C are different and satisfy (7), it easily follows that
and since there are infinite values of α satisfying (7), we have that Stab G (A) cannot be discrete and this yields to a contraddiction.
Similarly it is possible to prove that Q = µ Id k for some µ ∈ C * .
We show now that the stability of A ∈ X implies the simplicity of the sheaf F A .
Proof. Let's prove first that any f ∈ Aut(F A ) is uniquely determinated by a morphism of sequences:
This is a direct consequence of the fact that, by the vanishing of Hom(O
we get the exact sequence:
Hence, since A * P = QA * , we have that (P t , Q t ) ∈ Stab A (G) and by the previous lemma, it results that the only endomorphisms of F A are the homotheties, i.e. F A is simple.
Let us consider now the exact sequence: [4] III, chap.6).
We have that
and similarly dim Ext
. By the sequence:
In conclusion it results Ext 2 (F A , F A ) = 0 and In particular, by corollary 2.3, we have:
Compactification of S n,2
So far we have studied the GIT compactification of S n,k for any value of n and k. Since now, we restrict our study to the case k = 2: we have seen that the moduli space S n,2 is uniquely composed by Schwarzenberger bundles and thus it is isomorphic to P GL(n + 1)/ SL(2).
Hence M n,2 is a compactification of the set of rational normal curves in P n . After a short review of the previous sections, we define a G−invariant filtration of the space M n,2 and we study some properties of it.
The theorems 2.1 and 2.2 become:
is not stable if and only if
].
Theorem 4.2.
• If n is odd then X ss = X s , i.e. there are not properly semi-stable points in X.
• If n is even then A ∈ X is not semi-stable if and only if
Lemma 4.3. Let n be even and let
if and only if
Proof. Let us suppose that (8) holds : then the two matrices have the same degeneracy locus and this implies: 
Thus (8) holds.
Theorem 4.4. Let n be even. Then Thus the points of (X ss \ X s )//G are given by the orbits of the matrices 0 . . . 0 * · · · * * · · · * 0 . . . 0 ∈ X ss . The previous lemma implies the isomorphism (10).
Let us define now:
; Such subsets of X ss define two filtrations:
Furthermore we have:
In particular such subsets define a unique filtration G−invariant:
1. Let A ∈ S i , then using an opportune basis, A can be written as 
it results dim T = n + 2. Let us define now R λ = {(λg, g)|g ∈ V * } ⊆ V * × V * and R ′ λ = {(f, g)|f (p) = λg(p) ∀p ∈ Z λ }: then dim R λ = n + 1; to calculate the dimension of R ′ λ it is convenient to considered p 1 , . . . , p i−4 ∈ Z λ not conteined in a linear subspace P i−2 ⊆ P n : hence the coefficients of the polynomials f, g ∈ V * that satisfy f (p j ) = λg(p j ) for any j = 1, . . . , i − 2, are the solutions of a linear system of rank i − 2 and thus dim R On the other hand, if dim Y ′ A ≥ i − 2, then for istance we can suppose dim{p ∈ Y A |f 1 (p) = · · · = f n+2 (p) = 0} ≥ i − 2; let us consider, in this case, the subspace L =< f 1 , . . . , f n+2 >⊆ C[x 0 , . . . , x n ] 1 and let us fix p 1 , . . . , p i−1 ∈ P n not conteined in a linear subspace P i−3 ⊆ P n and such that f 1 (p j ) = · · · = f n+2 (p j ) = 0 for any j = 1, . . . , i−1: thus dim L ≤ n+1−(i−1) = n+2−i and so we can suppose f 1 = · · · = f i = 0, that implies A ∈ S i ⊆ S i−1 .
2. We have already seen that S 2 ⊆S 2 . Let now A ∈S 2 . As before, let us define the subsets Y * and p ∈ P n such that f j (p) = λg j (p) for any j = 1, . . . , n + 2.
Let us define T, R λ ⊆ R
